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Abstract—In this paper, a model predictive control (MPC)
approach that combines sparse spectrum Gaussian processes
model and unscented Kalman Filter is proposed for path tracking
task in autonomous driving. To tackle the difficulty of bal-
ancing control performance and computational cost in MPC
with Gaussian processes model, the proposed approach employs
the sparse spectrum Gaussian processes (SSGP) to efficiently
model the vehicle, and utilizes unscented Kalman filter (UKF)
to naturally propagate model uncertainties during multiple step
prediction of MPC. The proposed approach is evaluated in both
a numerical driving simulation and a mature driving simulation
CARLA. The results indicate that the proposed method achieves
a robust driving performance with a significant reduction of
computational complexity.

Index Terms—Autonomous driving, model predictive control,
Gaussian processes, Kalman filter

I. INTRODUCTION

With many successful implementations in autonomous driv-
ing [1]-[3], model predictive control (MPC) [4] utilizes a
model to optimize and predict the vehicle motion in a finite
time horizon and provides an intuitive way of controlling
vehicle following a designed cost function. Since the perfor-
mance of MPC highly depends on the quality of model, it is
crucial to accurately model the vehicle dynamics, especially
in noisy environments. The conventional works usually focus
on modeling vehicles by linear model [1], nonlinear model [2]
and neural networks [3] that require either the prior knowledge
of the vehicles or a heavily tuning of parameters without con-
sidering the uncertainties from both system and environment
in a fully Bayesian formalism.

Gaussian processes (GPs) [5] naturally describes the un-
certainties of dynamics and environment through data in
a nonparametric form and therefore becomes one potential
solution to model system dynamics with uncertainties in MPC.
On the other hand, the combination of GP and MPC turns
to a difficulty of balancing the control frequency in MPC
and the representative capability of model due to GP has a
polynomial computational complexity O(n?) and O(n?) for
time and space with n data points [6].

There are several works tring to tackling above balancing
difficulty. The sparse GP (SGP) [7] was applied with MPC
in various task including autonomous driving [8]-[10] and
unmanned surface vehicles [11] with a strict limitation of
sample size. Sparse spectrum GP (SSGP) [6] achieves better
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Fig. 1: The CARLA simulation environment used in this work.

approximation efficiency through frequency domain space
while the related work in autonomous driving is limited.

In this paper, we propose SSGP-UKF integrates with MPC
approach, a novel control framework specified for autonomous
driving. It learns the vehicle dynamics from data by SSGP to
balance control frequency and computational cost and prop-
agates uncertainties using unscented Kalman filter (UKF) to
increase the robustness against disturbances. After evaluating
the control performance of path tracking task in a numerical
autonomous driving simulation [12], the proposed framework
is implemented and tested in a mature driving simulator
CARLA [13] as shown in Figure 1. The experimental results
show that SSGP-UKEF significantly reduces the computational
complexity with a less accuracy loss and successfully achieves
path tracking task in CARLA simulator that requires controller
with both high frequency and robustness. The contributions of
this paper are the following:

1) Proposing a novel MPC framework for autonomous
driving to propagate the uncertainties in prediction while
balancing the prediction accuracy and the computational
efficiency.

2) Evaluating the proposed framework on a mature driving
simulation.

The remainder of this paper is organized as follows. The
related works is introduced in Section II. Section III presents
the proposed approach. Section IV details the experimental
setting. The experimental results are presented in Section V.
Conclusions follows in Section VL.



II. RELATED WORKS

As one common solution to reduce the computational
complexity of GP, SGP [7] directly search a subset, i.e.,
inducing points in the sample space. It was applied to several
benchmark control problems including cart-pole and swing-
up in [14] while ignoring the predicted variance of GP. The
GP-based MPC was applied to both driving simulation and
full-size autonomous race car in [8]-[10] where the extended
Kalman filter (EKF) was added to propagate uncertainties of
GP prediction as MPC constrains. Based on a given nonlinear
vehicle model, this work employed GP to predict the model
error rather than the whole dynamics. A data dictionary with
limited size and sparse GP were utilized in this work to
simplify the calculation. To further explore the power of
uncertainty propagation in GP-based MPC, Ostafew et al. [15]
utilized UKF with GP model to construct a robust MPC
constrains in mobile robot path tracking. Kamthe et al. [16]
first introduced analytic moment-matching [17, 18] into MPC
framework. Cui et al [11] extended this framework to real-
world unmanned surface vehicles control while suffering the
limitation of data size and a relatively low control frequency.

Compared with conventional sparse GP approaches that
search smaller inducing input set for better computational
efficiency, the sparse spectrum GP (SSGP) [6] enjoys an un-
biased approximation through frequency domain space using
random kitchen sinks (RKS) [19] that precisely approximates a
kernel function by randomly sampling features from frequency
components of the Fourier transformed kernels following
Bochner’s theorem. Although Pan et al. have evaluated the
SSGP-based MPC in an simulated vehicle drifting task [20],
the investigation of SSGP-based MPC in autonomous driving
still remains limited.

III. APPROACH

A. Model Learning

In this work, the vehicle model is learned by Gaussian
Process (GP) [5] which is a collection of random variables,
any finite number of which have a joint Gaussian distribution.
Considering state © € RP, action w € RY, and system noise
w ~ N(0,X%,), a stochastic system dynamics of « follows:

T = f@r, ur) + w. (H

Given the training input tuples &; := (x4, u;), and targets
Y = X441, for dimension ¢ = 1,..., D, we train a GP to
model the latent function y{ = f,(&:) + w, with a mean
function my, (-) and covariance kernel function:
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where a2 is the variance of f,, and /ia is the diagonal matrix
fa g

of training inputs’ length scales in kernel. They can be learned

by evidence maximization [5, 21]. The prediction of a new
input &, follows:
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where X = [&,...,&x]" is the training inputs set, Y* =
[y%,...,y%] " is the collection of the training targets in corre-
sponding dimension. ko . = ko(X,#.), kasx = ka(&, .),
K, = ka(Z;,@;) is the corresponding element in K, and
Ba = (K*+ afcaI)_lY“.

To efficient calculate the learned GP model with large
size of samples (X,Y), RKS [19] is applied in this work
to efficiently approximate GP in frequency domain space.
RKS proposed an unbiased approximation of a continuous
shift-invariant kernel function based on Bochner’s theorem.
Define ¢,,(&) = ¢/ ® with a proper distribution p(w), any
continuous shift-invariant kernel function can be represented
as:

k(iﬁ“ij) = /p(w)@jw—r(i’i*‘ij)dw. (6)

Drawing a random sampling matrix Z € RM*(P+U) for
(D+U)-dimensional data i.i.d. from p(w) ~ N(0, A, '), RKS
approximates Eq. 2 by a M-dimensional random features in
frequency domain:

ka(@, &) = ®a(Z) Ra(),

__ Qfq | cos(Zz)

®ao(2) = VM { sin(Zx)

Following [6], the calculation of GP described in Sec-
tion III-A was simplified by translating Eq. 5 to a linear Gaus-

sian model [22] with weights W, for each output dimension
a=1,..,D:

] (N

W~ N, B A, ®)
g = A(;l‘llaYav (9)
A, =0, 9] + 3,1, (10)
where ¥, = [®,(Z1), ..., ,(ZxN)]. The prediction of a new
input &, is approximated as:
my, () = g Ba(Z.),
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B. Model Predictive Control with Unscented Kalman Filter

In this section, we propose SSGP-UKF, a MPC framework
combining the sparse spectrum GP with UKF [23, 24] to
efficiently propagate uncertainty during GP prediction.

Assume the input of GP model as a Gaussian distribution
&, ~ N, 2;), SSGP-UKF first calculates the mean of
2D + 1 sampling points using GP model:

Xy = (e, por + €/ g, iy — €4/ 30),

olil i , (13)
X0 =GP (X", u), for i=0,..2D.



Algorithm 1: The process of SSGP-UKF

Input : training data set X,Y, MPC predict horizon
H, cost function [(x,w), number of
experiment N, number of step Ngiep

for i =1,2,..., Neyp, do

model = TrainGP (X,Y)

ResetVehicle ()

for j =1,2,..., Ny, do

Zr.f = CalculateReference ()
' = GetState ()

z* = BiasComp (x')

u; = OptAct (x*, H, model, l(x,u))
OperateActions (u;)

GP,.(-) is the mean prediction in Eq. 11, € is the parameter
of UKF. The next state is then predicted as:

2D
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GPx(-) is the variance prediction in Eq. 12. The calculation
of weights w!, w' is detailed in [24].

Define a cost function [(-), e.g., the distance to the reference
trajectory in autonomous driving, we have an optimization
problem:

t+H-1
arg min Z Y (s, ug), (15)
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where v € [0,1] is the discount factor. SSGP-UKF transfers
Eq. 15 to an implicit feedback controller by re-planning the
H-step open-loop control sequence at each coming state. The
future states and their corresponding variances are predicted by
the sparse spectrum GP (Section III-A) using UKF prediction
in Eq. 13 & 14.

IV. EXPERIMENTAL SETTINGS

In this section, we introduce SSGP-UKF into autonomous
driving. For the training samples (X,Y), the input tuple
includes both state and action, the output is the difference
between states between the current and the next steps. The
state of vehicle system is @ = [P,; Py;v; ®] with the vehicle
position (P, P,), orientation ® and velocity v. The action of
the system is u = [a; 0] with acceleration a and steering angle
J.

The whole process of SSGP-UKF is summarized in Algo-
rithm 1. At the beginning of each experiment, the GP model
is first trained by samples (X' ,Y). Then we initialize the
vehicle and start control. The reference trajectory is generated
by spline based path planner [25] with given state sequence.
At each time step j, MPC optimize the action u; based on a
Bias Compensation state ™ rather than the current observation

«’ to reduce the effect of the previous action w;_; which
continuously affect the vehicle during MPC optimization in
real world application and CARLA. We calculated * by GP
one-step prediction.

The cost function is defined as the 2-norm error distance
between the mean predicted state x,, and reference state x,f,
with a penalty term of control signal w controlled by parameter
« for better driving comfort, and with a penalty term of
variance predicted state xy controlled by parameter 3 for
better driving safety:

lz,u) = [[@, = Tref|| + of[ul| + Bllzs]].  (16)

In this work, NLopt [26] is used to solve the MPC op-
timization problem, algorithm BOBYQA [27] is applied to
minimize the cost function, and the number of maximum
solver iterations was limited to 20 to ensure control accuracy
and solve time. Additionally, during MPC optimization the
system is subject to input constraints:

[07 _5maz] S [(L(S} S [amaza(smax]v (17)

i.e., the acceleration must be between zero and a,,,, and the
steering angle is limited to a maximum angle §,,4.

We tested the proposed method in two simulation environ-
ments. The first one is a numerical driving simulation [12].
We pause this simulation during MPC optimization in Eq. 15
to remove the effect of computational cost in order to fairly
compare the control performance between SSGP-UKF with
other approaches based on original GP. 2.5% and 1% random
white noises were introduced to the observation and control
signal to simulate the environmental disturbances. SSGP-
UKF is then evaluated in CARLA simulation [13] which is
developed for simulating more complex vehicle dynamics. It
runs in real time so that the computational complexity of MPC
will hugely affect the control performance.

We focus on path tracking task in both two simulations.
The MPC controller has a predictive horizon of H = 3 step
with time step At = 100 ms, resulting in a 0.3 s look-ahead
prediction. 280 and 500 samples were used to train the model
in the numerical driving simulation and CARLA separately.
The number of inducing points in SGP and SSGP were set
to 10. We evaluate GP, SGP and SSGP with both EKF and
UKF where EKF can be treat as pure GP prediction without
propagation of uncertainties since its mean prediction is not
affected by variance. All experiments were conducted on a PC
with a 3.07GHz Intel Xeon X5675 CPU and 8GB RAM.

V. EXPERIMENTAL RESULTS
A. Numerical Driving Simulation

In the numerical driving simulation, we first evaluated the
driving performance of GP, SGP and SSGP with both EKF
and UKF. According to the driving trajectories over 10-times
trials demonstrated in Figs.2. 3 and 4, the UKF outperformed
EKF in all GP settings. Since UKF naturedly considers
the uncertainties during MPC, it generally enjoyed tracking
behaviors with better consistency and safety compared with
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Fig. 2: Resulting trajectories of numerical driving simulation
with noise using method based on GP.

SGP-EKF
= SGP-UKF

Fig. 3: Resulting trajectories of numerical driving simulation
with noise using method based on SGP.

EKF. It is also clear that the original GP performed better
than both SGP and SSGP without any approximation tricks.
However, it therefore suffers a far higher computational cost
as shown in Fig. 5. The UKF with original GP required about
1200 ms for one step MPC optimization which is infeasible in
autonomous driving. As comparison, SGP with UKF required
about 300 ms in optimization while SSGP only required near
100 ms, i.e., 10 Hz control frequency, which means a 67%
reduction. The average prediction errors of vehicle position
and orientation were shown in Figs. 6 and 7, where UKF had
better prediction accuracy than EKF in all cases. Further more,
the SSGP had a slightly lower average prediction error than
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—— SSGP-UKF
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Fig. 4: Resulting trajectories of numerical driving simulation
with noise using method based on SSGP.

1400

EKF
BN UKF
1200

1000

800

T [ms]

600
400

. I l
. N

GP SGP
(sample=10)

SSGP
(sample=10)

Fig. 5: The average solve time of numerical driving simulation
experiment. The error bars are the standard deviation.

SGP. Overall, it is clear that SSGP-UKF achieved the best
balance between computational cost and driving performance
in this experiment. It significantly reduced the optimization
time using SSGP while maintaining lower accuracy loss in GP
prediction by propagating uncertainties by UKF. This result
indicates the potential of SSGP-UKEF in real time autonomous
driving.
B. CARLA Simulation

In the more complex CARLA simulator, we tackle a track-
ing task of a sigmoid path with approximately 200m length

as shown in Fig. 8. The experiment was conducted in the
map TownO3 with vehicle model Tesla Model 3. All other
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Fig. 6: The average position error of numerical driving simu-
lation experiment. The error bars are the standard deviation.

EKF
16 BN UKF

)

GP SGP
(sample=10)

SSGP
(sample=10)

Fig. 7: The average orientation error of numerical driving sim-
ulation experiment. The error bars are the standard deviation.

settings follow Section I'V. Since there is no pause during MPC
optimization process, the approaches using GP and SGP could
not meet the requirement of control frequency in CARLA due
to the large computational cost shown in Fig. 5. Therefore,
only SSGP with EKF and UKF were investigated in this
experiment.

The driving performance over 10 times trials was listed in
Table I where T, is the average optimization time per step,
E,, E, are the average predicted error of vehicle position
and orientation. 7; is the average time for finishing one lap.
Although SSGP-UKEF has larger average optimization time T,
than SSGP-EKEF, it is still sufficient to a 10 Hz control fre-

@ Start/ Finish
me== Desired Path
/

Fig. 8: Desired path in CARLA simulation

TABLE I: CARLA simulation results

Method T [ms] Ep [m] E, [°] Ty [s]
SSGP-EKF  63.60-1.98  0.8240.02 5214043  47.9543.16
SSGP-UKF  98.85+2.90 0.75+0.07 4.74+0.83 49.51+3.82

quency. On the other hand, SSGP-UKF enjoyed better model
prediction accuracy in both E, and FE,. According to the
driving trajectories shown in Fig. 9, SSGP-UKF could change
its driving behavior in different trials based on its capability of
propagating uncertainties and therefore outperformed SSGP-
EKF.

The results in this section show that SSGP-UKF could
significantly reduce the computational complexity while main-
taining control safety in autonomous driving. The experiment
in CARLA simulation further presents the potential of SSGP-
UKEF in real-time driving task with complex vehicle dynamic
and its robustness against environmental disturbances.

C. Discussion

During both two experiments, the white noise was also
added to the training samples to simulate the disturbances from
both system and environment. We found that introducing this

~160
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—140] 4%
E-120 J
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80
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Y [m]

Fig. 9: Resulting trajectories of CARLA simulation using
method based on SSGP.



noise could impact the performance of GP, SGP and SSGP
and helps them to avoid falling into the local optimum in
prediction. For a fair comparison, we fix the random seed
during all experiments in this work. For the future work, we
would like to extend the proposed approach to a reinforcement
learning framework to automatically obtain new samples and
iteratively learn driving skills. Furthermore, exploring the
impacts of different optimization approaches in the SSGP-
UKF is also an interesting topic.

VI. CONCLUSION

In this paper, we introduced SSGP-UKF integrates with
MPC approach, a novel probabilistic control framework that
directly tackles two challenging problems in autonomous
driving: real-time control and disturbances. It models sys-
tem dynamics using sparse spectrum Gaussian possesses for
computational efficiency and propagates model uncertainties
during multiple step prediction using unscented Kalman filter
to naturally handle the disturbances from both vehicle models
and environments. Evaluated in a numerical driving simula-
tion, SSGP-UKF shows its advantages in balancing compu-
tational cost and prediction accuracy compared with other
approaches including original Gaussian processes and sparse
Gaussian processes with both UKF and EKF. It effectively
reduces the control error in a noisy environment by considering
the prediction variance in the MPC optimization. SSGP-
UKEF was further successful implemented in a mature driving
simulation CARLA which requires high control frequency
with more complex environment and vehicle model. Clearly
it has potential towards a wide range of application scenarios
in autonomous driving and other unmanned vehicle systems.
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